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1. Introduction .

S. S. Yang (1977) proposed as an estimation of the regression function

a(u) = E [ Y ( X  = UI of a bivariate random vector (X,Y) the statistic M~ defined

by

-1 ~ ( i/n-F~
(u) .

~

M~ (u) = (n~~) ~

‘ J ‘
~~i:n]i= 1 n

tiere {c~
’K(x/c~)} is c~ tS-function sequence of kernel type (Watson and Leadbetter

(1964)) (X.,Y . ) ,  i=l ,...,n are i.i.d. observations

on (X,Y), F~ is the empirical distribution function (EDF) of the X-observations,

and 
~
‘
[i:n] is the Y-observation corresponding to the i-th order statistic of the

X-observations , i .e. , the i-th concomitant of the X-values n (see, e.g., Yong

(1977)) .

Our purpose here is to find conditions under which

~~~~~ 
[M~ (u) - m(u) ] .

(1 . 1) (nc~ log n ) sup 2 - d
a�u~h [s(u) f k (t)dt]

E as n -
~~ ~~~, where 13 is a random variable with density e 2e 

>

a , b , are con stants , {c~ } and {d~ ) are appropriate real sequences and
s (u) = EIY

2
I X  aJ .  Bickel and Rosenblatt (1973) proved a similar result

for kernel estimates of a dens i ty  function. A large sa~p1e confidence inter-
val for m ( u ) ,  based on M~ (u) i s g iven , us ing  ( 1. 1) .

We al so g ive  conditions und er which
1A~CESSION for

(1.2) (nc )4 [M~(u) - m(u)J N(0, s (u) f k2(t)dt) as n -~~ 

\~~~~~~~ 

:h::e~
se

~
on

~~
UNANNOUNCED D
j uSTI ’ICATION

for appropriate points u and sequence {c }  .. 
BYOur method of proof is to show that glSTRIBUhI~ Iø*ItA8~U1Y cOaE~p r~~~,~~~~ A~Aj E~~~/or SPEC(1.3) (nc log n) sup M (u)  - M** (u) I + 0,

a~u~b 
fl

- -a -.~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ——— —-— — .- .- -- -—.- — ,— -.-- .- .—-
~~ 
S.,



1 page 2
whe re is def ined by

(1 4) M**(u) = (nc~)
’
~~ \ K ~~1.(X) ) — r(u))/c )

M*~ is  a special case of the regression funct ion est imation proposed by

Watson ( 1%4) . Johnston ( 1~J7 9) ~ i yes cnnd i  t ions under wh i ch (1. 1) and (1.2)

hold fu r  * j~~ ~ I ace of . anti (I . 1) and ( I  . 2) w i l l  thus hold by v i r t ue  of

(1 . 3 ) .

2. Asymptotic Equivalence of and M~* . 

In this section we verif y (1.3). The proof is given in the Appendix

since it is rather technical and lengthy. Define

M* 
~~~~ 

- (II ~~ 
~ Y .K ( ft (X.) - I~( u ) ) / ~~ )

Then icuma 2.1 gives condit ions  under wh i c h

P
(2. 1) (ni

1~ 
log i i )  sup I M~ (u)  — M~ (u) I -

~~

~r u ~ b

( 2 . 2 )  (nc~ J og n)  sup ~M~ *(u)  — M~ (u) -
~~ 0

which together impl y ( 1. 3) .

Lcmm~i Suppose K(x/i )} is a 6-function sequence such that

(lug n) ’ (nc~2 ) 
° . K has bounded support and 3 bounded continuous deri-

vatives on the support . Suppose f I K ” ( t ) j d t  < ~‘ and K and K’ are of bounded

varia t ion.

Let IX ,Y) be such that I~~Yj ~ ~~, g ( u )  F. IY IX = F~~(u) 1 has 2 bounded den-

varives on 10,1 1 and h ( u )  l~~(~~)~ X F~~ (u)j is bounded on [0,1].

Assume there exists a real sequence (a~} such that a~ 
-
~~

2 3
.~ io~’ nf (ni 1 II

n~ f Iy~dI~
’
(y) 0 as n ‘ 

-

I~I > a

. —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~—-~~~~~~~~~~~~~~~~ —
-—--

~~~~-
. ---—— - ------ -~~~~~- ,,—
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Then , f o r  o < l:(a) < F(b )  < 1 , (2.1) and (2.2) hold .  0

3. Applications.

We w i l l  assume throughout th i s  section that the assumptions of Theorem 2.1

arc in  force. We first note that M~* may be written as

M** (u )  = ( “  ~~~~~~~~~~~ Y . K(  (Z . - F ( u )  1/c )
1 = 1

where

Z. = (1(0,1).

Accordin g to Theorem 2.5.2 of .John ston ( 1979) , under certain conditions ,

( i i i .~~~~ I M ~ * (u) - I~( Y I ~ F(u))J N(0, E (Y 2
IZ = F(u)) f K2(t)dt).

If we assume 1 to he strictly increasing , then

E ( Y I Z  = H ” ) )  = m ( u )

and

Ii (Y 2
~Z 

l:(,,)) = s ( u ) .

Thus we have , by v irtue of (1.3)

(iii. 
~~)~~

‘ 1M
11 

( u )  - m ( u )  I
-
~~ N(0, s ( u )  f K2(t)dt),

whi ch complete s the proof of n o r m a l i t y  of M
11

. We note t hat this  asymptot ic

va riance differs from that of long (1977), Theorem (
~ .

If tlw conditions of Corollary 3.2.9 of Johnston (1979) hold , then

(3 .1 )  (2 6  log n)  
-- 

Sup ~~~~~~~~~ -d~ E ,
I~~”)f K ( t ) d t J~

~~l ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . _..._~~~~~~~~~~ .____.__ -,.___~__,S .~~~ .~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .———-- ,
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H~. ~~e
X 

-6where l~ is a random variable with density e , x > 0. Here n

6 and d is the sequence of ente r ing  constants  specified in Bickel

and Ro senhlat t  ( 1973). By vir tue of (1.3). (3.1) holds with Mn replacing

M~*, as we wished to prove . I n v e r t i n g  (3.1) in the usual way yields an

approximate ( 1-a) 100~ conf idence  ba nd for mii (u) over the interval (a,b),

based on

M0 (u) (nc~ )~~’ [ s (u )  K 2 (~ )d~ J~ ~~ 
c( a)

- 
(26 log n)’

where

c(~ ) log 2 - l o~~ log (l-i) I.

___ - a . — , 
~~~~

-, —— ~~~~~~~~~~
- - - -—~~~
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A P PENDIX

Proof of Lemma 2. 1.

We begin with the fo1iu wint~ pre l i m inary  lemma , which is very similar to

Lemma I of Bhattacharyya (l9~7)

A l .  Lemma Assume that  g I n )  = = F~~ (u)] has r continuous derivatives

on [(1 ,1 1 , r 0. and that ~ has bounded support and r bounded derivatives on

the Support . ‘l I’~ m i for a , b such that 0 < 1 (a) < F(b)  < 1,

~~- ( r+ 1) II ((I:(X) - E(z))/c )dF(x ,y) = 0 ( 1 )

unifo rmly in [a ,b as ii

I
Proof. Note t h a t

- (r+l) 
~j  YK (r) ((l : (x) - F ( z ) ) / L ) dI:(x,y)

= 
- (r+l) 

I~yK (r )
((I:(X) - I :(z ) )/ ~~~)

f m ( x ) K ~
’
~~((F (x) - F(z))/c ) dF(x)

- (r+lj f g ( u ) K ~
” 1 ( ( u ~ I : ( z ) ) /c ) du.

n

Now wr i t e

= 
-l (r) ( u ) K (  ( u - E ( z )  ) / ,

- 
d r~ I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+ ~~~ r:~ 
~

(s+ l)  (r-s -l) 
(
~

) u 1
_ UrO

The second term above is zero for large n since the argument of K(s) 
is

eventually outside the support of K. Write

sup 
~~~ 

} g (r)(u)K((u ,:(z)),E ) duj

= sup f K(v)g~~~ (c v+F(z)) dv
z - 1 ( z )/ c

~~~~~ ~~
(r)~~~ 1 f ~K (v )j dv < . 0

We now proceed w i t h  the proof of Lemma 2 . 1 .  I t  is convenient to rewrite

M (u) c
1 

ff y K ( ( F ~~( x)  - F (u ) ) / c )  dF~ (x , y ) ,

and si m i l ar ly  for M* and M**. Thus , letting Z
11

(x ,y) = F~(x,y) - F(x ,y) , we

may write

M* (l1) — M (u)
n it

- c~~ j~ 

F~ ( x ) — F ( & m )  
- I4 

F
11
(x )-F1~(u) ) dZ~ (x ,y)

+ c ’ ff Y~K( ! L ~
t
~ ) - I4 

F~ (x) - F~ (u) 

J ]  
dF(x ,y)

j
2 , say. We fir s t show (nc 1~

log n)~
’ 1J 2 1 ~ 0. Since , by assumption ,

K has 3 cOntinuous derivat i ves , we may write (by expand ing K ( ( P~ (x) - F~(u)) / c~)

about (F~(x) - F(u))/c j

-.2 F (x ) ~~F (u J

~n ~~n
01) - F(u)J ff yK ’  

En 

— } dF(x ,y)

—3 2 l~ (x ) — I ( u )
+ c [F~~(u) - 1 (u)] f J  yK” { _!~—.—__ _._~~~~ . ) dF( x ,y)

— ~~~~~~~~ - - ---— . ~~~~- . -- — - 
~~

,,——
~~~———~~~

-
~~ 

— .  
~
-.

~~~~~~
—-- —---

~~~
.“,- ,-

~~~~~~~



r

..:

F F (x)+ w
+ ~~~~~~~ 1F~ (u) - F(u)J

3 If yK ” f _n dF(x ,y)

= .41) + .42) + .43) 
, say , where w (u) is between F~ (u) and F(u) .

F~ (x) - F(u)
Now, expanding K’ [ ———-— - ) about ( F ( x )  - F(u))/c~ yields

C (1)(Al) (nc log I I ) ’  sup jJ 2 I
U

(nc
~

log n) : SU~ F1~ (u) - F(u ) I

ff yK ’ { I 
~~ _L(.tI) ) ~1F(x ,y)~

+ If  
~~~~ ~~~ [ !~~ F(u)J 

dF(x,y)

+ 

~ [F
n(X)~~~ F(x) 

J 
YK”t { 

v
n

(x
~

a)
) dF(x ,y)~

where v ( X ,u) is between F~~(x )  - I:(U) and F(x) - F(u).

Using the fact tha t  sup I F,,( u )  - F ( u ) I = 01) (n~~) and applying Lemma Al implies

t hat time f i r s t  term on the RII S of in e q u a l i t y  Al goes to zero . For the second

term , imo te that

~~ ff (y ~ ” [ ~~~~~ !~~i} dP(x,y)

-l í h (t)IKJ’ [ t - I ’ ( u ) )  dt

(1- F (U )  ) /
j  ii I K ’ ( v ) I h ( t ~v + l:(uT) dv ,

which i s  a hommdcd sequence since h is bounded and K” has bounded supports .

- -.-~~~~-- . -. - ,— - - -  --,-~~~~~~ --—---- -- -- -.--— —- - - —.- .~ —.—.~ ~~~~~~~~~ — —--- .
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Thus the S( comid term on the RIlS of (Al) is equal  to

~ -2 -l . . . -(nc~ log n) c 0~ (n ) 0(1), whLch converges to zero in probability if

(nc~ log n)4/nc 2 0, i.e., if (nc~ ) ( l og  n)~~ ~~~, which is true by assumption.

For the third term on the IUIS of (Al )  note

v (x , u)
5 ~y K ” ’ { __!

~~~ ) dF(x,y)

S SUp IK” (v) I E I Y I < 
~~~ -

ThUS the third term is a (f lc  log n)~ c~~ 01) (n 312 ) sequence , and converges

to zero in p robabi l i ty  since (log f l ) ’ nc~2 
-

~ 

: Similar arguments apply

to 
~2 and J~ ~~~

, and we have shown (flC
n 

log n)~ sup 1J 2 1 + 0.

We now t ur n  to .J 1. l.et Ia ~~i be a sequence as specified in the hypotheses

and wri te

= ,_~ i 5 5 y ;
11
(x ,u)z,~(dx ,dy)

+ ~~l 
~ I yG (x , u ) Z (dx ,dy)

IYV a ~

= ,(l) + •~~
2) , say, w1~ere , for convenience , we wri te

I
..~~

- . F (x)  - F(u)~ ~ 
F (x) - F~ (u)

G~ (x ~u) = K — —— 

J 

- K~

Using i nteg rat ion by parts , w r i t e

= ~~1 I I Z~ (x~y) dyG~ (dx , u)
I~ I ~a

11 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _
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+ u r n  r~~’ J G~~(t ,u) yZ ,1(t ,dy)

- u r n  
~~

1 
~ 

G(t ,u) y1
11
(t ,dy)

t~ -~ —a n

+ r~~~ :i f Z ( x ,a )  G (dx ,u)

+ c~~a f Z ( x ,-a ) G~ (dx~u)

= 1
1 

+ 1
2 

+1
3 

+ 1
4 

+ 

~~ 
sa y .

Since Z~ (-~~,y) = 0 for each ii and y, it is easily ascertained that 1
3 

= 0 for

each n (e.g. Natanson (1961), 
~ 
233). Similarly,

a~
= 1 7(u) = Jim G(t ,u) 

- l  
~ 

ydQ1 (y)
t~~U _a

n

whe re

= u r n  Z~ (t .y) = F~
1(y )  - F1(y).

Now
a

f y d ,, ( y )  ~~~~~~~~~~~~~~~~~~~~~~~~~ 
1

( Y .)  - EY I E_ a t a l ~~~}= 0 (n~~)

;ts ii ~ by standard central limit theorem

.m r~’ I m cmii s - I rt her , m, ~ I ng t he mean v ml l i t ’  theorem ,

- 1 — F (u)
l i r n  G ( t ,u) = 

~f ~~
_
~!iJ - K[ 

~~~ 
)

F (u) — F(u )  I • q ( u )  _
~~= -fl--— —— K’ [ — L~

!
~
___J = 

~ 
0~, (n )

u n i f o r m l y in  u , where q~~(u) is between F~(u) and F(u).

~ 
— ————

~~ 

..— —— — — —- - .- — p —~~~~~~~~~~
— -- — —— — — —  .—

~~~ 
-. — 
p .~~~~~~~~

_ — —. .——-- .— —-— . - ——-— -— ~~~-,—~~~~ —- -~~~~
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Tht~.; we have

-l
(n.e log n) slip I ’ - ~( u) l = (nc

11
log n) ~~ 0~ (n ) -

~~ 0
C- Ii

since nc~ /log ii -
~~ -

F(,r 1 4t note that

(x , a~ ) C (dx ,u)  I

~ sup IZ~(x~a~) I v IG~(. , u)J,

Where VI J dcnotr:~ total variation over R. 
Now H

sup I Z ~(x~a~) I 01) (n~~ )

and i t  is easily verified , using the mean val ue theorem , that

* 
- l

, uf l  = H 0 ( n  )

un i forml y  in u. Thus

• (nc,1 log n)~ SIP ( 1 4 (u)

= a~~(nc~~log nr c
2 O ( n ~

1) ~ 0

since a~ log i i/ai .~~ 
-
~~ 0 by a:~s u T I m p t i o n . A similar argument applies to show

(nc~ log it)
4 

Sup 1 1 5(u)I 
L o.

For I~~, note that

f f Z~ (x ,y) dyC~ (dx ,u ) (
Iy ( a

~
SUI) IZ n (X

~Y)IhiY(
~n

(
~

u h hI
x,y
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where V denotes here the total variation in (x,y) over R x [-a , an]. As
before,

sup ~Z1) (x ,y ) I
x,y

V [ yG (x ,u )  a c ~~ 0 ( n ~~ ) un iforn i l y in u .

(rm c,~log n)~ SIIj ) 
~
‘l (u)(

= anc
2 

(nL
11
Iog n)~ 0J)

(n~~) ~ 0

2 3since a~ log fl/nc -
~~ 0 by ~1SSLi1Jl l )t LOll .

As the fimma I step in  I he proof , we must y en f.y that  (nc~ log n)~
SLID I .41 ~ I ~ 0. N ot e t h a t
U

(A2) c~ (J~~~ j f f y ; ( ~ ,~~) dF~ (x ,y) ft Y I - a ~

t + ( I I y(;1~(x ,u) dF
IY I >a,,

For the f i r s t term , note

• ;~:~ I f f yC ( x , u) dl: (x,y)
I~~i >a,,

L
— sup I(; ,1 (x , u) I 1 I~I 

~~n 
(y).

X,U

As before ,

-l -c .sup J ; ,1 (x ,~; = c~ O~,(n ) ,
X ,U

h~k ____ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _ _ _ _ _ _ _
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and

1 I>’ I dl~ ~~ ‘)  = “~~~~~ I ”~I ‘(a ,o~) ( I ~’j I )
i= l n

Now , by the Markov inequality, for any ~; > 0

f ()‘ ( d~~ &)I >

I’

c
~~~ 

EIvc f ~yId F~ (y) j
• Iy I>a 1,

=
~~~~~ I ( y (  dF~ (y)~~~ 0

J Y 1>%

by assumption , and thus

• f 
~yJ dF~

’ (y )  = 0 ( n
4) .

IYI > a~

A s i m i l a r  argument app l i e s  to t he second integra l on the RII S of (A2) and we

thus hav e

(1)(nc~ log n) Sup .J 1 (u)

• 
(nc~ log n)~ 

-2 
0[)(n~~) ~ 0

.‘~ince nL~/Iog n -* by assump t ion . 0

The Proof of (2.2) follow s a similar pattern , and we omit the details.

•—- . -‘- .--- -•--
~
-
~ 
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~~~

-
~~~
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